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. | NUMERICAL EXPERIMENTS IN HOMOGENEOUS TURBULENCE
3 ‘ Robert S. Rogallo

Ames Research lZenter

SUMMARY

v The direct simulation methods developed by Orszag and Patterson (1972) for
isotropic turbulence have been extended to homogeneous turbulence in an
i ' incompressible fluid subjected to uniform deformation or rotation. The results of
simulations for 1{irrotational strain (plane and axisymmetric), shear, rotation, and
relaxation toward isotropy following axisymmetric strain are compared with linear
theory and experimental data. Emphasis is placed on the shear flow because of its
importance and because of the avallability of accurate and detailed experimental i
data. The computed results arc used to assess the accuracy of two popular models
used in the closure of the Reynolds-stress equations. Data from a variety of the
computed fields and the details of the numerical methods used in the simulation are
also presented.

INTRODUCTION k

The turbulence problem has remained the greatest challenge to fluid dynamicists
since fits definition by Reynolds 100 years ago. The nonlinearity of the
Navier-Stokes equations prevents - statistical analysis of the dynamics of energetic
turbulent fields, and as a result no theory has yet been devised that {s devoid of
assumptions beyond that of the validity of the Navier-Stokes equations themselves.
Although statistical, tensorial, and dimensional analysis combined with the
continuity condition provide constraints on the statistics of a turbulent field, our
knowledge of the statistics themselves has heen gained primarily through experiment.

The turbulent flows of {nterest in engineering, secophysics, and meteorology are
complex even at the statistical level, but there are finteresting flows with
apatfally homogeneous statistfics that have been examined both theoretically and
experimentally. Although these homogencous flows do not have net diffusion of
turbulence momentum or energy, they can be anisotropic and extract energy from the
mean motion ; therefore, they provide a case for study intermediate in complexity
between isotropic flows and general inhomogeneous flows. Although homogeneous flows !
are more difficult to achieve experimentilly than [nhomogeneous flows, such as jets, »1
wakes, and pipe flow, they are considerably easier to simulate on a computer because 1

of the absence of flow boundaries. f

The method of direct numerical simulation of homogeuneous turbulence in general X
use today 18 that of Orszag and Patterson (1972). The turbulence field Iis ’
represented by the coefticients of a truncated threc-dimensional Fourier series, or
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equivalently by spatially periodic discrete values on & uniform mesh 1in physical
space. Transformation between the two spaces (physical and wave) is accomplished by
fast Fourier transforums. Differentiation i1is performed {in wave space as
multiplication by the wave number, and velocity products are carried out iu physical
space to avoid the expensive convolution sums required for that operation 4{n wave
space. The field can be time-advanced in either space by any algorithm appropriate
for systems of ordinary differential equations.

There are two basic requirements that a direct simulation must meet if it is to
represent turbulence. First, it must represent a solution of the Navier-Stokes
equations. This means that all scales of motion must be adequately resolved, in the
deterministic sense, by the computational mesh. In particular, the Reynolds number
should be small enough to allow the mesh to accurately capture the viscous
dissipation scales. The explicit use of Fourier series then implies a spatially
periodic solution of the Navier-Stokes equation. The second requirement is that this
periodic solution be sufficiently complicated, that is, it wmust provide adequate
statistical resolution (large sample) of the set of all possible fluid wotions
allowed by the Navier-Stokes equations. The computational sample of a scale of
motion is inversely proportional to the volume of the scale. Thus scales of motion
comparable to the computational period have a very small sample (~1), and s8cales
comparable to the mesh spacing have a large sample (~105 for a 1283 mesh). The two
requirements for a turbulence simulation conflict; the sample improves as the energy
moves to smaller scales but the viscous resolution is degraded.

The range of scales (the ratio of the wavelength of the fundamental to that of
the highest wave number carried) in a given direction is M/2, where M is the number
of nodes in that direction. The largest computers available today allow 128 mesh
cells in each direction, which limits the useful range of scales to about 10 or so.
That is, the bDulk of the total turbulent energy must be contained within one decade
of scale. This is a severe constraint and 1t limits completely resolved direct
simulation to very low Reynolds numbers. In practice we usually accept some error in
order to obtain a higher Reynolds number. In some cases we sacrifice sample and
shift the computed scale range toward the small scales , and in others we sacrifice
resolution of the dissipation process and shift the computed range toward the large
scales. For the current study we are most interested 4in the anisotropy of the
Reynolds-stress tensor, and less interested in the details (such as intermittency) of
the small scales, and we generally accept incomplete resolution of the dissipation
scales. It appears, however, that the error in total dissipation is much less
affected than is its spectral distribution because the total is determined primarily
by energy transfer down-scale within the energetic scales; this in turn depends on
how well the energetic scales themselves are resolved and not on how well the actual
dissipative scales are resolved.

Computation and physical experiment complement each other rather well for
homogeneous turbulence. The experimental difffculties are associated with setting up
the mean motion, achieving a homogeneous turbulence field, and 4in the actual
measurement of the various spectra, correlations, etc. There is no doubt that the
physical experiment produces results at all scales in accordance with the
Navier-Stukes equations, although frequency response (in both space and time) of the
instrumentation can limit their measurement. The computation on the other hand has
no difficulty setting up the mean flow or wmaking measurements. The difficulty is
that because of limited resolution (statistical accuracy at the large scales,
nunerical accuracy at the small scales), it is not always simple to relate computed
quantities to those of the experiment at wuch higher Reynolds number. The goal of
this study is to use experimental data to validate simulated turbulence fields, which
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in turn provide measurewents that are not available from experiment. The quantities
measured here are primarily those volume averages appearing in the Reynolds-stress
equations.

. In the sections that follow we consider four cases of homogernieous turbulence,

" each being the evolution from an initially isotropic state caused by a mean velocity
gradient uniform in space and time. The deformations considered are (1) irrotational
plane strain, (2) irrotational axisymmetric strain, (3) uniform ghear, and (4)
uniform rotation. In the case of axisymmetric strain Wwe allow the turbulence to
relax back toward isotropy when the straining ceases. The only theory available to
deseribe the evolution of these flows is a linear theory valid in the limit in which
the time scale of all turbulence scales is much longer than the time scale given by
the mean velocity gradient. This theory, due originally to Taylor (1935), has been
developed for each case by various authors and is used, togethzr with available
experimental data, to astablish (we hope) some credibility for the simulations.
Then, as an example of how the detailed measurements of the simulated fields might be
used to aid the turbulence-model maker, we have compared measured values from the
fields with modeled values following recommendations of Rotta (1951) and Launder,

, Reece, and Rodi (1975). '

Finally, more details are given in the appendixes, Appendix A presents in
tabular form various raw data measured in each field, including the Reynolds-stress
budget; Appendix B provides a more detailed exposition of the equations and numerical
methods used in the simulations.

PLANE STRAIN

e

Nearly isotropic turbulence, subjected to a uniform strain in two directions,
has been investigated experimentally by Townsend (1951) and by Tucker and Reynolds
(1968) by passing grid-generat=d turbulence through a channel of changing cross
section. Townsend 1imposed a total strain of 4 in directions transverse to the
stream; Tucker and Reynolds .imposed total strains of 6 in two different i
configurations, the first, like that of Townsend, was strained in the transverse |

|

directions and the second had one strain imposed {n the flow direction. We follow
the nomenclature of Townsend and take the flow direction to be x, imposing positive
strain in the 2z direction and negative strain in the y direction. The results of
Tucker and Reynolds indicate no significant difference between the two types of ]
strain. The longitudinal strain does have the advantage, like the axisymmetric
strain discussed in the next section, that the strain is given by direct measurement
of the variation of mean flow velocity down the channel.

Results of four computed cases, all evolving from the same isotropic initial
state are presented. The inirial state itself is the result of an isotropic
simulation so that the spectral transfer {is estadblished. The microscale Reynolds
aumber qij1/v of the initial field is 35, and dimensionless strain rates aq?/e - .5,
1, 2, and 4 \where a = dw/dz = -dv/dv, q° = Upug, € = 2vul,Jui,])
are imposed 1in cases B2D1, B2D2, B2D3, and B2D4, respectively. The total strain
achieved 1s 4; higher strains result in inadequate resolution because tae
computational mesh moves with the mean flow and becomes excessively strained. At the
initfal state, the computational cell has Av = 20z, and at a strain of 4, Az = 24y. ‘
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Three independent dimensionless parameters can be formed from the time t, strain
rate a, viscosity v, and turbulent velecity and length scales q and L respectively.
These are taken to be at, alLlq, qL/v, the dimensionless time, ratio of
turbulence and strain time scales, and a turbulence macroscale Reynolds number. No
information on macroscales is directly available from the experiments, 8o we have
{nstcad estimated L by assumiug € ~q3/L in the isotropic initial state. The initial
conditions are then scaled by the dimensionless groups aqz/e and q“/ev. Estimates
of the quantities for the experiments are as follows:

aq?/e g"/lve

Townsend .5 in. mesh .45 95

1 in. mesh 0‘05 250
Tucker-Reynolds .3 4715
Present results .5,1,2,4 129

Here the 1isotropic relation € = lquz/A§1 has been used. For the Townsend
experiment, the microscales are given and these are used to estimate e; for the
Tucker and Reynolds experiment we have estimated ¢ by fitting a power law, with
exponent of =-1.2, to the plotted energy history; these estimates are very rough

indeed.

The linear theory of "sudden distortion” was origirated by Taylor (1935) who
considercd the inviscid irrotational strain of a typical Fourier component of the
velocity field. The effect of viscosity can be 1in~cluded by use of an integrating
factor (Pearson (1959)). Batchelor and Proudman (1954) extended the inviscid theory
to determine the effect of rapid irrotational strains on the energy tensor of an
initially isotropic turbulence field, and the result is independent of the form of
the energy spectrum E(k).  Although viscosity can in principle be ' -ndled exactly,
the necessary integrals over Fourier space contain exponential factors and probably
cannot be evaluated in closed form. The result would depend on the initial spectrum.

A comparison of the linear theory, experimental, and computational results is
presented in figures 1 through 3. The evolution of the normalized energy temsor is
shown in figure 1, and the structur2 parameters introduced by Townsend are shown in
figures 2 and 3. The computational results approach the linear theory consistently
with 1increasing strain rate but, although they follow the trends of the experiment,
quantitative agreement (particularly for K; and K{ ) 1is lacking.

The differences between the two experiments are not consistent with our
estimates of their dimensionless time scales and Reynolds numbers. At a given level
of strain, the structure parameter K, should increase with strain rate but decrease
with increasing Reynolds number. Our estimales of the dimensionless strain rates and
Reynolds numbers of the experiments would cause us to expect higher K; values from
the the Townsend experiment than from the Tucker and Reynolds experiment, but that is

not the case.
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AXISYMMETRIC STRAIN

Turbulence in an axisymmetric strain field is the simplest anisotropic flaw.
Because it occurs often in engineering applicatioas, it has been studied ir a number
of experiments. We will compare the computational results with the experimental data
of Uberoi (1956) and Hussain and Ramjee (1976), who achieved total strains up to 16
at a wide range of Reynolds numbers. Unfortunately, information concerning the
dissipation rate and length scales was not presented, and we are unable to determine

with any confidence the turbulence Reynolds numbers or time scales of the turbulence
prior to straining.

Simulations were made with four constant strain rates applied at each of two
viscosity values. The dimensionless strain rates aq“/e, where
a = du/dx = -2dv/dy = -2dw/dz, were 0.3, 0.6, 1.2, and 2.4, and the initial
Reynolds numbers q%/ve were 15 and 56. The evolution of the longitudinal and
transverse component energies, mnormalized by their initial values for five of the
eight simulated cases, the invisecid 1linear theory, and the experimental results of
Uberoi and Hussain-Ramjee, are shown in figure 4. The computational results approach
rapid-distortion theory consistently with increasing strain rate and Reynolds number,
and the differences between computation and experiment seem to indicate a higher
experimental strain rate. Beyond a strain of 4, the experimental component
energy u? grows because of the redistribution of energy by the pressure-strain
correlation, and the computational data (appendix A) indicate that this is a result
primarily of the growth of the "slow-pressure~strain” term with increasing strain.

HOMOGENEOUS SHEAR

Homogeneous shear turbulence is the closest structurally to flows of engineering
interest and has been extensively investigated by experimenters. In a series of
papers from Johns Hopkins University, Rose (1966), Champagne, Harris and Corrsin
(1970), Harris, Graham and Corcsin (1977), and Tavoularis and Corrsin (1981)
(hereafter TC) have provided extensive documentation of the development of turbulence
subjected to uniform shear. The results of Mulhearn and Luxton (1975) are 1in
substantial agreement with the earlier work of the Johnms Hopkins group. On the other
hand, the linear theory of horogeneous shear turbulence has been worked out by
Deissler (1961, 1970, 1972), and Fox (1964); their results are consistent with the
initial stage of development of the experimentally observed turbulence.

The 1inear theory can be worked out in a somewhat simpler way than that of
Delssler, who worked directly with the equations for the spectrum tensor after

dropping out the triple correlations. Written in a coordinate system moving with the
mean shear, the linearized Navier-Stokes equations are

Ug + sv 4+ px = vQu
Ve - stpy + Py = va@v
W + p, = V@wW

Uy - Stv"( + \'y + Wz = 0

5
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where
da _ 2 3 3\? , 22
8 dy and 9 352 + (ay st ax) + 322

f Upon taking the Fourier transform of these equations and solving the remaining
t}r ordinary differential equations for the time variation, we obtain
)

e ]
o
n

. -Akgy + Blk32 tan~1n - k12 ifje—jzi ,
N n

~ = 1
Fv = Bk, VEIZ + k32 T+ n2

o
£
]

-1 —n__
Akl - Bk1k3{tan n + 1+ 712]

where T is the integrating factor

log F = 2% (i? + ks ¥/2(n - % n?)

ko - kyst

/iIZ + k32

n=

and A(k), B(k) are determined from the initial conditions. The evolution of the
spectrum tensor from an isotropic state is determined by solving for AA*, AB*, and
BB* , using the isotropic form at st = 0. »

. E(k) ., 2
uiuj* = Z7kb (k Gij - kikj)

Deissler (1970) has carried cut the analysis for the spectrum function

B(k) - ke o (K/Ko)? ‘

integratirg (numerically) over wave space to determine the time history of the energy ;
tensor. The solution depends only on the dimensionless time st and on the Reynolds ‘
number s/vk,“. For small Reynolds numbers, the energy decreases at all times, but
for large enough Reynolds nuwbers the energy increases for a finite time and then
decays. The V2 energy component decays at all times, as can be readily seen in the
solution for v above. This in turn causes the cross correlation UV to decay, after

some growth from its zero initial value, and the resulting loss of production (-s uv)
eventually leads to viscous decay.

This linear picture of the development of shear turbulence is consistent with

- - - - -




L -

-

the experimental evidence at small times (st ¢ 4) and predicts (surprisingly well)
the magnitude of the shear stress correlation uw/u’v”’ and the ordering
u® > w >v” of the component energies. It has been defrermined experimentally,
however, that the v component eventually grows, gaining energy through the
pressure-strain correlation caused by the nonlinear transport terms in the
Navier-Stokes equations; this in turn leads to growth in uv and the energy. The
ultimate fate of the turbulence 1s currently & speculative issue, but there 1is
evidence of a self-similar evolution. The energy ia still growing at the largest
times observed in both the experiments and computation, and the ratios of component
energies and 1integral scales are still wvarying, although rather slowly. 1f the
turbulence approaches a self-similar state with single velocity scale q and single
length scale L, its attributes depend only upon t, q, L, s, and v. Dimensional
analysis then requires

sL . f(st, SL)
q v

If the velocity and length scales both grow  monotonically at large
times, sL/q must approach a finite nonzero constant, because if sL/q+«=,lir-ar
theory is valid and predicts the ultimate decay of q; similarly, if sL/q~+ 0, the
flow approaches isotropy and g decays. With nonzero s the flow can not become
isotropic in any case because for isotropic flow there 1is strong experimental
evidence that L~q3/e and q-~t™@ from which it follows that d(sL/q)/d(st) > Q.

Four shear rflows were simulated, three of them (BSH9, BSH10, and BSH1l) from the
same initial conditions. The initial energy spectrum for these runs was simply a
square pulse E(k) =1 for 16 < k < 32, a wave-number band containing roughly a
quarter million Fourier modes. The initial spectrum for the fourth case (BSH12) was
a square pulse at 10 < k < 20, the lower wave number allowing a higher Reynolds
number to be attained.

The shear rates and viscosity used are as follows:

Case Spectrum s Viscosity
(ECk)=1) -
BSHQ 16<k<32 202 .01/v2

BSH10 16<k<32 20v2 .oz/{Z
BSH11 16<k<32 40v2 .02/V2
BSH12 10<k<20 20 .005

The velocity~-scale history of the four runs is shown in figure 5(a). As
observed experimentally, the energy decays at first but later grows monotonically for
the remainder of the observed time; the growth beyond st~10 appears to be
exponential. The growth of the integral scales is shown in figure 5(bj;, with obvious
anomalies beyond ¢~10. The strange behavior, especially for BSH9, is caused by the
fact that the two-point correlation is forming a rather broad negative region that
diminishes the growth of its integral because of the lengthening positive portion, as
shown by figure 6. Similar behavior {: observed in the other correlations for run
BSHY in figures 7 - 9. By st-10, the largest scales of the simulation (roughly the
size of the computational period) have attained sufficient enexgy that they dominate
the integral scale. The evolution of the three-dimensional energy spectrum of run
BSH9, which {llustrates the point, is shown in figure 10. The sample {r each
spherical shell is proporticnal to k2 so that as the spectrum develops toward the
large-scalie end, more and more of the energy is contained in fewer and fewer Fourier
modes. At st-10 the number of these energy-rich modes no longer provides an adequate
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N statistical sample, and although the simulation is still a periodic solution of the
Y Navier-Stokes equations, it £s not representative, at the large scales. of
e turbulence. However the smaller scales still retain a good sample, and statistics
y. from them (e.g., microscales) show no anomalous behavior. As shown in figure 11, the
i dissipation scales are adequately sampled throughout the run, but for st-12 the
ﬁ spectrum does not decay with wave numher rapidly enough to allow complete resolution
¥ of the dissipation scales. All four cases appear to be adequately resoclved at
A st = 8; BSHY9 and BSH12 are marginal at st = 10 ; and BSH10 and BSH1l are marginal at

st = 12.

S The primary dimensionless flow parameters are presented in figures 12 and 13.
We have wused the longitudinal integral scale Lj) ; in the streamwise direction (») as
- the length scale and q= (EIEI)I 2 as the velocity scale. The mean shear 8
. provides the time scale of the shear. In figure 12, the experimental data of TC
C indicate that the growth of velocity and length scales has equilibrated at st~8; this
is prevented in the computation by the peculiar growth of the integral scale. The
turbulence Reyr.ylds number shown in figure 13 indicates that the experimental ata
are consistent with exponential growth in bcth velocity and tlength scales, having
roughly the same growth rate as the computation. The expeiimental Reynolds numbers
are simply not attainable with the available computational resolution but we hope
that the Reynolds numbers attained are high enough for the statistics of che
energetic scales to achieve nearly asymptotic values. The classical mixing 1length
(fig. 14) is formed from velocity scales of the turbulence and the (constant for each
run) time scale of the shear; it appears to grow exponentially at warlier times than
does q (fig. 5(a)).

—_

The distribution of energy among the velocity components is presented in figure
15; it suggests the possibility that the component energies approach fixed ratios.
If such a structural equilibrium occurs between the tendency of the shear to produce
anisotropy and the tendency of the turbulence to hecome “‘sotropic, the anisotropy
measure of the equilibrium should depend on sL/q and (probably weakly)
on qL/v. This Is shown more clerrly in figure 16 where an adhoc linear scaling
of the anisotropy is shown which collapses the dats reasonably well. The discrepancy
betweer. computation and experiment could be a Reynolds-number effect similar to tha: 1
in the shear-stress correlation shown in figure 17. The Reynolds number shown there
was chosen because it is the only dimensionless group independent of L and t.
Although it seems physically reasonable to eliminate expiicit dependence on time, the
elimination of L simply allows us to avoid the use of the measured integral scales.
The rapid rise of the shear-stress correlation from 1its initial isotropic value of
zero 1is evident. The shear-stress correlation is equally well collapsed by
microscale Reynolds number. The reduction of the shear-stress correlation with
increasing Reynolds number is primarily due to the fact that the contribution to uv
of the small scales increases less rapidly with the increase of small~scale energy !
than does the contribution to the normalizing factor (u”v”); this is because of the ‘
tendency toward isotropy of small scales. The explicit use of Reynolds-number to
collapse correlations for medium and large scales was first used by Stewart and
Townsend (1951) in isotropic turbulence. In the shear flow, nnlike isotropic flow,
we have 4 direct energy measure, uv, thut is relatfively Reynolds number insensitive,
and this can be usad to advantage to normalize velocity autocorrelations.

The autocorrelations presented in figure 18 are normalized by the single energy
measure uV, and plotted against the separation, normalized by the single length scale
Li1, 1, the integral scale of Ry;(r,0,0). The experimental points are from the
Tavoularis and Corrsin data at X/H = 1ll1. 1If the turbulence were in exact structural
equilibrium this scaling would collapse all of the data, except near r = 0 where




vlscous effects appear. At infinite Reynolds number the collapse would be complete.
Perfect collapse requires that ratios of the component energies and ratios of the
macroscales be universal constants. This is too much to expect here, however, for we
have already s.:n that ratios of the component energies 1in both the experiment and
computation are still varying slowly with sL/q and GL/v; moreover the
integral scales of the computation are not as reliable as we would like because of
the small sample of the largest energetic ecales.

The microscales measured by TC did not vary after st = 8.65, but the computed

microscales are growing slowly at st = 8, as shown in figure 19, with the growth rate
diminishing with increasing Reynolds number.

TABLE 1. - COMPARISON OF EXPERIMENTAL AND COMPUTED TURBULENCE FIELDS

Quantity Tavoularis-  Case Case
Corrsin BSHY BSH12
X/H=11 st=10 st=10
uy2/q2 (Component energies) 535 .508 .485
uz2/q? . 186 .185 .209
u3z?/q? .279 .307 .306
=uv/u’v’ (Shear-stress .45 .49 .49
correlation)
Lyy,2/L11,1 (Integral scale .33 A .59
L11,3/L11,1 ratios) W28 .17 .14
L22,1/L11,1 .23 W4l «33
L33, 1/L11,1 34 .23 17
L12,2/L11,l .90 .88 .88
L12,2/L11’1 40 .69 .74
A2/ Mg (Microscale .67 .65 .76
A3/Ayy. ratios) .68 .69 .79
Aa1/ A +68 .86 .80
A3p/ A1 .79 - .88 .85
04/0p (Principal stress 4.3 4.8 4.0
Ga/0c ratios) 2.1 1.9 1.8
ag(®) (Principal axis 20 22 24
orientation)
vp/v = (-uv)/vs (Dimensionless 179 16 38
Ry = u”*yy/v measures) 266 76 104
SLIX,I/q 2083 2-23 1-96
qLi1 /v 3581 219 472
/L1y, = (FT0) /sl V7 .116 167 174

A summary of the TC data at X/H = 11 (st-12.6) and of the computational results
at st = 10 from cases BSH9 and BSH12 (our highest Reynolds numbers) is presented in
table 1. The results of the computation agree well with the experimental data,
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except for the integral scale ratios (and quantities containing viscosity
explicitly). Part of this discrepancy is due to the fact that TC measured the scales
by integrating to the first zero of the correlations and that we integrated over the
negative portions as well; but this affects only Lii,3 in the experimental data, The
main cause of the discrepancy is that the integral scale, as stated by Batchelor
(i953), is not as representative of the ccales of motion containing the energy as we
would 1like; it overemphasizes the largest scales where our sample is poor. In the
experiment, a large sample of the largest eddies is sgwept past the probes by the mean

flow, but in the computation we move with the mean flow and always observe the same
large scales.

B There is some evidence in both the computational and experimental results that
i the turbulence approaches a structural equilibrium, with length and velocity scales
; growing exponentially. The experimental evidence, stated by Tavoularis and Corrsin
themselves, although they seem to expect linear rather than exponential growth, 1is
that the measured downstream transport Dq?/Dt and the production -suv of the
turbulence are in a fixed ratio, within the experimental error, for 7.5 < X/H.S 11.
This implies that the dissipation rate is also in a fixed ratio to the transport; and
this relationship was checked independently by measurement of the velocity derivative
variances. This is equivalent to the fact that both the shear-stress correlations
and microscales are constant. The energy growth rate is then proportional to the
energy, and the growth is exponential. In table 2 we present a check of the
experimental data for consistency with linear and exponential growth by using the
data at X/H = 7.5 and X/H = 5.5 to predict the data at X/H = 11. Although either
growth form extrapolated to X/H = 11 probably lies within the experimental error, the
exponential form 1is consistently closer to the published values. The computations
clearly indicate that the energy of periodiec perturbations of a uniform shear grows
exponentially, but the turbulence macroscale is bounded by the couputational period.
Unfortunately, by the time the computational velocity ie clearly growing
exponentially, the integral scales indicate an insufficient sample at the largest
scales, and the relevance of the exponential growth to turbulence (as opposed to
periodic solutions of the Navier-Stokes equations) is suspect.

TABLE 2. - DATA PREDICTED AT X/H = 11
BASED ON DATA AT X/H = 7.5 AND X/H = 9.5

Data predicted at X/H = 11

Quantity Measured Linear growth Exponential growth
ul 475 .465 478
v2 +165 .163 167
w2 + 248 4242 . 247
q2 .888 .870 .892 1
I‘ll, 1 57 56 57
S 3.42 3.26 3.35
¥
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UNIFORM ROTATION
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rather special

The decay of turbulence in a region 1in uniform (solid-body) rotation presents a
problem to the turbulence modeler because in the Reynolds stress

equations the net production term (production plus fast-pressure-strain) vanishes

it is probably impossible physically to gensrate

compatational results indicate that the turbulence

Do oS ST
2 SN

At small Rossby numbers (q/Q2L)

: elk-x to propagate with phase speed

i' space is purely a mathematical convenience).
as direct wave interactions.

the mean rotation
22-k/k,

some phvsical "wave" significance (unlike most turbulent fields in which the wave
The nonlinear tarms can then be viewed
The bilinear convection term 1in the Navier-Stokes

when the turbulence is isotropic. This is an artificial situation in the sense that
isotropic turbulence 1in a fluid
rctating as a whole, but mathematically it is simply a matter of specifying fsctropic
initial conditions. At the Reynolds-stress level it is not possible to determine
whether initially isotropic turbulence will remain isotropic. The experimental and

does become slightly anisotropic,
and this is consistent with the linear theory valid st low Rossby number.

() causes plene waves
giving the Fourier modes

equation is interpreted in wave space as the interaction between wave vectors k” and

k" to give the convective contribution to the time

derivative at wave vector k Tk

so that the time derivative at k is determined by the convolution sum over all wave
vectors k”, k" satisfying k~ +k" = k. Taking the y-axls as the axis of rotatiom, the

Fourier modes at low Rossby number have the form

ik, t) = _A(l_c, gg)ei(Zkz/k)m; + E(‘_"

L

This is a «c¢lassical
"long-time" is
"short-time"” is Qt.

"two~time-scale"”

time-derfvative due to the interaction between (k")

k2
sin WT _
T where w = 20 <_k

ka/k + k3/k™ £ kKh/k" << 1 are significant on the

acts to attenuate the effectiveness of the nonlinear
low move energy to higher wave numbers and enhance
the experimentally observed reduction (Wigeland and
from its value without rotation. This argument oanly

11

+

qt\ ~1(2k,/k)0r
L )e

problem at low Rossby numbers; the
qt/L where q and L are representative of the turbulence and the
We are interested in the long-~time variation of the spectrum
tensor, and this requires that we integrate the wave interactions over cimes (T)
much larger than the short-time scale but much smaller than the long-time scale. The
correlation over this intermediate time between G(k) and the contribution to its

and G(k") is proportional to

ki ka
£5)

For very small Rossby numbers, cnly interactions between waves k”, k" having

long~time scale. Rotation then
interactions, which in isotropic
thie dissipation; this explains
Nagib (1978)) of the dissipation
requires that rotatior attenuate

interactions and assumes nothing about which directions in wave space or which

P
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velocity components suffer the reduced energy flow. However the experimental data of
_ Wigeland and Nagib (1978) 4indicate that the energy is redistributed among the
R velocity components with the ratio of energies reaching an equilibrium when the

- transverse macroscale begins to grow at a faster rate than the longitudinal )
\ : macroscale. '

g We have simulated the flow at five rotation rates, but with a microscale
K; Reynolds number of only about 3, because of a program input error. As a result,
d dissipation dominates the Reynolds-stress equations. ' The dissipation rate 1s
N nevertheless reduced slightly (~25 percent at the highest rotation rate) at early
L times, as shown in figure 20. A structure parameter indicating component energy
s anisotropy is shown in figure 21; the longitudinal component V2 gains energy through
o the slow-pressure-strain term. As the tables 1in appendix A indicate, the
' contribution of the fast-pressure-strain term varies widely in magnitude and takes
g both signs, indicating that it 1is oscillating. The slow-pressure term, on the other
- . hand, varies 3lowly and always works to enhance vZ. The experimental data show
higher anisotropy, but this could well be & result of the anisotropic initial
conditions of the experiment or to the Reynolds number disparity.

In figure 22 the anisotropy at the dissipation scale is alsc shown to reach an
equilibrium, and the correlation with  Qt, rather than vt, indicates that this is
! not entirzly a viscous effect.

TURBULENCE MODELS

.

The results of the numerical simulations can be used to aid the coustruction of
turbulence models at any level, from simple algebraic models of the Reynolds stresses
to spectral models such as the quasi-normal approximation. Appendix A contains
information at the Reynolds-stress level for a sample of the computed fields
discussed 1in the previous sections. 1In this section we illustrate how these data
might be used to test proposed models or to determine “model constants” for some of
the modeled terms in the Reynolds-stress equations.

_ - 5

THE REYNOLDS~STRESS EQUATIONS

When the turbulence field is homogeneous, the Reynolds-stress equations become

d _— ——
dc (ULU§) = -Uj kujuk - Uj,kuiuk + 2psij - 2vui,kuj,k |

pressure-

roduction \
P strain

dissipation

where the mean flow gradient Ui, j depends only on time, and $1j 1s the turbulent
strain-rate tensor sjj= (Ui,j+uj,1)/2. The over-bar denotes an average over physical i
space. Pressure (s decomposed into {is so-called "fast” and “slow" parts given by
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v2p(l) ~ui,quq,1 (slow pressure)

92p(2) = -2U5 quy fast pressure)

The terms "fast"” and "slow" refer to the fact that p(2) depends directly on mean flow
gradients and can therefore have {ts time scale imposad directly by the mean strain

rate. The slow term, on the other hand, responds indirectly through changes in
turbulence structure. For homogeneous flows we have exactly

90 (2) - ami
7y = Ay U,

,M

where

The sum indicated is over all Fourier modes. The fourth rank tensor a has the
obvious symmetry ’

am = qim o ami

¢4 R e

and the continuity condition, kjb; = 0, implies

Smi
g =0

In addition, the contraction a?} = 2uju, provides a convenient scaling factor,
and as a factor of the mean deformation rate it emphasizes the close relation between
the production and fast-pressure-strain terms in the stress equations. In essence,
the production and fast-pressure terms sum to produce the "net” production. Tables
of the tensor a, shortened by use of its symmetry, are included for each recorded
field in appendix A, with the budget of the stress equations above.

In the Reynolds-stress equations only the production term can be computed
directly from the stress tensor. The dissipation and fast~pressure terms are
second~order velocity moments like the stress; however, they contain velocity
derivat {ves and thus depend on the spectral distribution of stress (the spectrum
tensor) and not merely on fts average value. They must be modeled along with the
slow-pressure term, which {s a third-order velocity moment.

We consider first the slow-pressure~strain and dissipation terms, fcllowing the
analysis of Lumley and Newman (1977) who combine thr slow-pressure~-strain tengor with

13
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the deviator of the dissipation tensor. Lumley writes

e
ZP(I)Sij - Zvui,kuj:k + 3 Eﬂij - "Eq)ij

where ¢ is a traceless tensor and e is the dissipation rate of kinetic energy

e+ e e

which must be modeled. The approximation (Rotta (1951)) that ¢ depends only on the
tensor b,

u,u
1% 1
byy " 57~ 3 813

and on scalar attributes of the flow, requires for proper tensor invariance
that ¢ be an isotropic function of 2,

A l
015 = Bojy 4 Y(bikbkj + 3% IISij)

The coefficientz B and y are functions of scalar invariants of the field such as
Reynolds number, q%/ve, I1, ITI,

where =211 = bijbji , 3111 = bijbjkbki

are the invariants of b (the third independent invariant, bj; 1is zero by the
definition of b). Lumley and Newman show that for high Reynolds numbers , y+0, 1f
slightly anisotropic flows are to return to isotropy.

We will retain for our purposes here only the linear term of the model. Some
information about the coefficient of the linear term R can be determined by
considering limiting cases. In the absence of a mean flow (for example the "return
to isotropy"” following an applied strain), 8 > 2 if the anisotropy is to decay. For
any anisotropy A+2 as the Reynolds number vanishes since in that case the velocity
components all decay in proportion to their magnitudes and the anisotropy Db is
constant. Lumley and Newman fit the slightly anisotropic data of Comte-Bellot and
Corrsin (1966) and find that, again, £-+2 as the anisotropy vanishes at high Reynolds
number in the absence of a mean flow. In later papers, Lumley (1978, 1979) shows
that i{n order to force the energy tensor predicted by the model to be realizable
(have positive definite component energies in principle axes) B+2 as a component
energy vanishes. Lumley found a function of the invariants

14




G(II,IITI) = 1/9 + 3III + II

that vanishes if and only if a component energy - vanishes, and he suggesta that this
function be explicitly included in the model to ensure realizability. For example,

B = 2 4+ B °G(YI,IID)
where B° is a function of scalar invariants.

The relaxation toward 1isotropy of turbulence subjected to axisymmetric strain
has been simulated, taking as initial conditions fields at total strains 21/3, 2, and
4 from the set of axisymmetric strain runs discussed earlier. In figure 23 we show
the variation of ¢ and its pressure~strain and dissipation terms with the anisotropy
B. In this flow only the normal stresses are significant, and two of them are nearly
equal, the deviation being a result of the finite sample. The two families of points
in the pressure-strain plot correspond to the two values of viscosity in the
simulations, indicating the Reynolds-number dependence of the coefficient 8. This
Reynolds-number effect is more apparent in the dissipation and pressure-strain parts
than in their sum $s» indicating the advantage of treating these terms together.
This is done by default when experimental data are used to determine model constants,
because the dissipation 1is assumed to be i{sotropic in order to find the
pressure-strain (plus dissipation deviater) from the Reynolds-stress equations. The
model coefficieat B for each field was found by least-square fictiang the
measured § to the measured b. The fit is nearly perfect for each field. Tnis is
expacted since ¢ and b are both diagonal, traceless, and axisymmetric and thus can
be .elated exactly by a single coefficient. The resulting coefficients for all of
the fields are plotted against a Reynolds number q“/9ve and G(II1,III) in figures 24
and 25. Although the scatter in the coefficlents 1is large, the trends are consistent
with Lumley’s predictions. The Rotta model applied to the axisymmetric strain rums,
during the straining period, gives essentially the same results.

In figure 26 we present the data from the plane-strain cases discussed earlier,
the groups of four points being associated with the four strain rates applied. The
single degree of freedom of the iimear model does not fit the two degrees of freedom
of the data well, but the fit improves as the strain rate decreases. The nonlineat
model, having two degrees of freedom, would fit the data exactly.

The anisotropy of the shear cases is plotted in figure 27. The fit achieved by
the Rotta model 1s shown 1in figure 28 as a plot of the measured ¢ for each field
against the @ predicted for that field by the linear model, using the measured E
and the coefficlient R giving the least-square fit for that field. Although this
would appear to be a more difficult case than the two-dimensional strain, since four
elements of the stress tensor are active, the model seems to fit the data fairly
well. The coefficient grows with Reynolds number (£1g. 29) as predicted by Lumley,
but its variation with G(TT,IT1) is unce~rafia (fig. 30).

The modeled terms for the uniform rotation cases are presented in figure 31.
The dissipation anisotropy is correlated with the stress anisotropy, but the pressure
strain is negatively correlated wich {it. The pressure-strain term is evidently the
source of the anisotropy in this case, contrary to its usual role as the "return to
isotropy” mechanism.

The performance of the Rotta model must be judged by how well it fits the
elements of the tensor § at each field and how well the coefficient for each field

15
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can be fitted to the scalar invariants of the field. With the exception of the
plane-strain rums, which seem to be sensitive to strain rate, the linear model
provides a fairly good fit to the data with coefficients that vary (qualitatively)
with Reynolds number and anisotropy level 1in accordance with Lumley”s predictions.
The results do suggest, as has Lumley, that the time-scale ratio between the
turbulence and mean deformation be included in the list of invariants determining the
Rotta coefficient.

It would seem that modeling the tensor

k k
ajt =2 > —d 5 (0 AR
K

would be an easier task than modeling the slow-pressure term which is a third-order
veloclity moment; however, this has not proved to be the case. The most widely used
model of the tensor a is that of Leunder, Reece, and Rodi (1975) (LRR hereafter)
which has the form

mi = ami mi
at,iJ Aﬁj + CBEJ

where C is a coefficient to be determined (again, a function of {nvariants) and A
and B are fourth-rank tensors of known form that depend 1linearly on the
Reynolds~stress tensor, satisfy the symmetry required of a, and vanish when
contracted over 1 . The contraction over 1j gives

mi = 2o Ml =
Ajj Zuium s Bjj 0

When the turbulence is isotropic

in which case

and

aM = aAml %% (43 §

g = A nidey " Smdbey T Smydee)

which gives the exact result for an isotropic flow regardless of the value «f C .
The model has certain failings, as do all models. Some of these have beea pointed
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. out by Lumley (1978), who shows that the model can not meet the realizability
- condition, and by Leslie (1980), who demonstrates that the model is too simple in
form to represent the general fourth-rank tensors a that might occur. This latter
argument 1s easily verified by noting that regardless of the coefficient C , the

5‘ model produces the following spurious symmetries (no summation implied)
\
v ki _ _ki
;_ akj ay i+3 #k
11 _ 33
a,;, = a

N i} i1
. TSt
‘ k 33 T %11
'in

The addition of nonlinear terms (higher-order products of the tensor) would remove

these spurious symmetries and 1introduce more coefficients, and as noted by Lumley,
might allow the model to meet the realizability constraint. The justification for
i nonlinear dependence on the stress-tensor, when 2 is linear (formally) in the
) spectrum tensor, 1s that a8 depends also on the distribution of energy over wave
! . space, a dependence lost when integrating the spectrum tensor to the stress tensor.

The 1dea that the anisotropy of the spectrum temsor with respect to k might be
) expressible in terms of the anisotropy of the stress itself leads to the possibility
1 of nonlinear dependence on the stress tensor, and, as suggested by Lumley, the
i connection might be made using the theory of rapid-distortion. In view of the
difffculties associated with the LRR model, several authors (e.g. Leslie (1980)) have
suggested modeling the rapid-pressure-strain term, or even the total pressure-strain,
as a unit. This avoids the detailed constraints on the model imposed by the formal -
T definition of &, but the ability tc¢ handle flows with large variations of imposed ?'

mean strain would be lost.

We compare the results of the LRR model with the computational data for the
shear runs in figure 32, The 36 different elements of the tensor a are each
normalized by qz. The constant for each field, found by least-square fit to the
data, is plotted against Reynolds number in figure 33, and against G(II,II) in figure
34. The model succeeds rather well in fitting the 36 different elements with a ‘J
single constant for each field, and the constant appears to be related to the
anisotropy lewvel, if not to the Reynolds number. 1

The least~square procedure, which was used simply to illustrate how well the i
models fit the data, indicates that there is room for improvement. The use of the
data to determine the coefficients of a postulated model can be done in a number of
ways. For example, rather than finding coefficients for the Rotta and LRR models
separately, they can be found simultaneously by fitting the sum of the individually
modeled terms. Thls 1s how experimental data are used for the shear flow (Leslie
(1980)). When this procedure 1s used on the computed results, model coefficients
very close to the "recommended values™ are found.

s b B

The real value of the data of appendix A however, 1s not that it allows model
coefficients to be determined in a more precise way than does experimental data, but
that it provide® the detail needed to determine the range of validity of a model and,
it is hoped, to suggest how the model might be modified to increase that range.

 ——— e
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CONCLUSIONS

3 The large-scale direct simulation of homogeneous turbulence begun by Orszag and
s Patterson a decade ago, has advanced wiih increases in computer power to the point
V' where today 1t 1s possible to capfuve the statistics of the energetic scales of
f motion at low Reynolds number for mocerate imposed mean deformations. Further
o advances in hardware and method will permit higher resclution in the future, but the

resolution available today is adequate to allow the extraction of information useful
to both model builders and “pure” theoreticians.

author”s opinion, to the point that the results can be used to £ill in the gaps in

the experimental database, and it is hoped that the information included for this
purpose 1in appendix A will lead to closer scrutiny of the

fmplicit i{n turbulence models.

]

)

‘ﬁ* The relevance of the simulation to real turbulence has been established, in this
-

i fundamental assumptions

3
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APPENDIX A

LISTING OF DATA FROM A VARIETY OF COMPUTED TURBULENCE FIELDS

The "raw data" of a variety of computed turbulence Fields is presented here in
tabular form. Fields from the following (deforming mean) runs are included.

Run Deformation Rate Viscosity Initisl Conditiom
(T=1) (L<T=1)

B2D1 (Plane strain) 4.5 .01/Y2 (Developed

B2D2 - (d¥/dy) 9 .01/V2 isotropic

B2D3 a5/ dz ] 18 .01/v2 field)

B2D4 36 .01//2

Ch11 (Axisymmetric 10 .01/Y2  (Developed

CD12 contraction) 20 .01/V2 isotropic

CD13 40 01/72 field)

CD14 5 .01/72

cp21  di/dx 10 .02//2 (Developed

CcD22 =2(dv/dy) 20 .02/V2 isotropic

cp23  —2(dW/dz) 40 .02//2 field)

CD24 5 .02/72

BSH9 (Shear) 202 .01/V2 (Undeveloped

BSH10 2012 .OZ/VE isotropic fieid,

BSH11  di/dy 4002 .02/Y2 square spectrum)

BSH12 20 .005

BR1 (Rotation) 2.5 .01/Y2 (Developed

BR2 5 L01/¥2 isotropic

BR3 di/dz 10 .01/V2 field)

BR4 - (d@/dx) 20 L01/v2

BR6 40 .01/Y2

Fields from these runs are named using the run name above followed by a letter
designating the individual field. The plane strain fields are given at nominal
strains of /2, 2, 2/2, and 4, with suffixes A, B, C, and D, respectively. The
axisymmetric-strain fizlds are given for nominal strains of 3/2, 2, and 4, with
suffixes A, C, and ¥, respectively. For the shear runs, the suffixes are not
consistent from run to run, but for all runs the fields are given for st = 2, 4, 6,
8... The rotation fields are taken more or less evenly 1in time and are labeled
sequentially A, B, C, D, E, and F for each run.

Runs named RX... are relaxation-to-isotropy cases for each of which two fields
are glven; for example, RX24A2 and RX24A4 are fields from the run using as initial
conditions the turbulence field CD24A but setting the strain rate to 2zero. Thus the
data of field CD24A with net production set to zero provide a third field of the
relaxaticn run.
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The following data are
T = time
VISC = v

RII = Uzug = 9°

PIIL = Zui’juin

I1 biibji
111 = bijbjkbki
MEAN DEFORMATION

INTEGRAL SCALES

0

MICROSCALES

=
g

ul

(Note the absence of 2's

1J = 1]

DIT = 2g = Zvui’jui'j

s
L]lyl = f Rll(r.O,O)dr

(3u/3x)

(3v/ax)2

RIJ/RIT = Uguj/Utg

wTwwﬂmmmwwmﬂq“_-"-pmwmwmmmmww.

presented for each field:

with units [T]

{Kinematic viscosity) [L21-}]

‘(Velocity variance = (L2T72]
2*kinetic energy) '

(Net production of RII) [L2T73]
(Net dissipation of RII) (L2T"3]

(Invariant of anisotropy tensor)
(Invariant of anisotropy tensor)
DU/DX etc. ([T™!}

(L]

(L]

)1/2
)1/"

in these length definitions.)

2

(r]

&~

REYNOLDS-STRESS BUDGET

Stress component

Component energy ratio

, 1 d ,—
RATE = T (uiuj) Net time rate
. -1 —_—— -
PROD = e (Ui,kuj”k “ ”J,k”L“k) Production
P2S = %:p(y)sij Fast-pressure-strain .
AJ
— l
a 1 - - ;
P1S N p(1)sij Slow~-pressure-strain |
= NV e
DISS = Ui,kY,k Dissipation
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APPENDIX B
DETAILS OF THE NUMERICAL ALGORITHM
THE EQUATIONS OF MOTION FOR HOMOGENEQUS TUXBULENCE

We begin with the Navier-Stokes equations for a fluid of wuniform density and

viscosity: 5
u

—_— 4 L+
TR R O

p i = Vui P
’ »JJ (81)

Uiy = 0

The velocity field is decomposed into mean and turbulence components
uj = Ug(x) + ui(x™) , = p=P(x) +p (x7)

where x” is related linearly to X, and the mean is restricted to a spatially linear
form

Ui = Ui, 5% » (82)
where Uj,; depends only on time.

The explicit appearance of U; (but not its gradient) in the equations of
motion for the turbulence field is eliminated by the wuse of a spatial coordinate
system that moves with the mean flow. This eliminates the terms, which contain x
explicitly, that represent convection of the turbulence by the mean velocity.

This moving coordinate system is linearly related tc an inertial 1laboratory
frame by the relation :

x{ = Byyx (83)

where B 1is determined by the constraint that the new coordinates move with the mean
flow or

Bxi Bxi 3x£ ]
—_ = —= 4 Uy, — - (B, 4+ By U Ix; =0
- 3 k i ik“k,
Bt t X, J 3773
so that ng + “ikvk j = 0 (B4)

The Navier-Stokes equations then become
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. du’
N 1 - - . - -
l (Ui,k + UVi,jUj,k)xk. + P,i + "'a'E‘ + “jUi,J + Bkj (uiuj),k + Bkip,k - VBijljui,kl = ()

Ui,i + Bjiui,J = 0

o Note that differentiation of U 1e¢ with respect to x while that of u” is with
B respect to x”. The time variable for both is t.

To separate the mean from the fluctuation parts we take the ensemble average of
the Navier-Stokes equations, using the ergodic hypothesis to replace ensemble
- ' averages of spatially homogeneous terms by their volume averages:

i (Ui,k + Ui,jUj,k)xk +P 4= 0
(B5)-
Ui,i = 0
This gives the equations for the turbulent component.
aui 3
5o * Ug,3u + BigQuju) o + Bygply = VByyBpgui kg (86)

0

Byiui,j

The mean-momentum equation implies that - P must be quadratic in x (ignoring
an arbitrary additive function of time), that is,

P = Cijjxk
s¢ that
P, = (Cik + Cki)xk = Pikxk

W1

where P is a symmetric tensor.

The mean-momentum equations then require
Ui,k + Ui,_‘]UJ,k + Pik =0
When the mean deformation is decomposed into strain and vorticity tensors

we find upon separation into symmetric and antisymmetric parts that

od
i

S+82+4024+P=0
Q4 SN+ 08 =0

This is simply a statement that the strain rate S may be specified as an arbitrary
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T
i

function of time subject only to the constraint S41 = O. The second equation
determines g, and the first equation determines the mean pressure field. The

initial value of Q is arbitrary.

The basic equations for . the turbulence field (B6) can be solved in a
straightforward manner in principle, but 4in practice omne is usually constrained by
computer memory size, and 1t is advantageous, and 1in our case absolutely necessary,
to reduce the number of words per node to the minimum. For this reason, the general
case of (B6) with arbitrary mean-deformation tensor Ui;j was not implemented. The
current program allows a velocity deformation tensor of the form (rotation is handled

as a special case)
a(t) s(t) 0

Uy 4 = 0 b(t) 0 . a+b+c=0 (87)

?w

0 0 c(t)

If the mesh is given at t = O by
By;(0) = 81 , B,,(0) = B2 , B33(0) = B3 , rest of B zero

the time variation of the metric tenscr 3B 1is determined by (B4) as

_’rt adt -ft bdt
Byy =8y e"° Byp = By e 0

]

(B8)

_ _—S(O) ft 2
——618—2 BZZ(t) 0 Bll(t)dt

w
—
o

)

, rest of B = zero

The use of Bj other than unity allows the mesh spacing to vary with direction. We
have made use of (B7) to find that

Otcdt 5(0)83
S([) = S(O)e = -}-;-33—-(‘;)-

RAPID-DISTORTION THEORY

Substitution of (B7) into (B6) gives (taking for the moment s = 0)
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bl o

Ue + au + Bllpx - . (Bg)
Ve + bv + BoaPy ® nonlinear + viscous terms

we + cw + B3ap, =

Bjjuy + Baovy * Byaw, = 0

In the rapid-distortion limit the strain rates &, b, and ¢ become infinite but
integrable, so that the metric tensor B has a finite discontinuity. During this

straining period, 0 <t <T, and (B9) degenerates to

2 (p-
up + au+ Bypy = By 3; Brlut ex) = 0 (B10)

where t
¢ = p dc
0

P
i"' with similar equations for v and Ww .
)

This suggests the introduction of the scaled velocities
(u”,v*,w”) = (B]lu, B3iv, B3lw)

and new dependent variables u’ o+ oy, v o+ ¢y w6,

that remain continuous during a rapid distortion. In terms of these new variables,
the rapid-distortion process is simply

u (T) = u'(0) = ¢x(T)
v2(T) = v"(0) = ¢y(T) _
w(T) = w(0) - ¢,(T) (B11) !

where ¢(T) 1is found by applying the continuity condition (B9) at t = T:

2 2 2 2 " 2 . 2
Bll¢xx + B22¢yy + B33¢ZZ = B“ux(O) + Bzzvy(O) + Baawz(O)

the metric B  varies with time and the

When the shear rate s is not zero,
iable as it was above. ]

pressure cannot be completely absorbed into a new dependent var
The equations analcgous to (B9) are

+ + B =
up + au + Bypy ]

vg + bv + Bzgpy + Biopy ™ nonlinear + viscous terms
(B12)

wy + cw + B3ap, =

Byjjug + Byavy + Bzzvy + Byw, = 0

and we take as new dejendent variables
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By (B13)
u’+¢x’ V’+¢y+'§;;¢xv W‘+¢z

In these variables equation (Bl0) remains valid for the x and 2z directions, but
in the y direction

3 fumy B2 E12 ’
ve + bv 4 Bgzpy + Byopx = Bo2 7 322v oy T by - 522¢x —
] Y ~ Bja dt \ By,

where, from (B8) , I

"“ 4 (22} | -s00) g2
. dt \ B> B1B2 11

B2
sc that Byoody It <§;:) remains bounded during a rapid-distortion.

' The new dependent variables above are therefore continuous through a rapid
distortion, and, as before, the state of the velocity field following the distortion q
is found directly from the continuity condition (B12). N

The numerical advantage of the new dependent variables is that the strain rate
no longer imposes a stability limit on the time-advance step size, and that
rapid-distortion theory is exactly captured by the simulation.

THE VISCOUS TERMS

In the moving coordinate system, the Laplacian becomes

2 =
Veuy BniBeili,me

and the diffusion operator in wave space becomes

K] N - d N
(S + vBpyBrgkake)sy = F7H0GE) 57 [F GO0 ]

where F 1s the {ntegrating factor

log F = vk k; J’ ByBey 4t

We again re-define the dependent variables to include the integrating factor and

eliminate the diffusion term as & numerical stability constraint. The use of the

‘ integrating factor also permits us to carry fewer words per node for some
. time-advance algorithms (e.g., fourth-order Runge-Kutta) than the explicit treatment

X would allow.
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- In addition to the more or less "classical"” transformations above, we have made
a few simple modifications of the algorithm that pertain to data management. The
primary consideration here is the reduction of the number of words per node required
: for the simulation. A secondary consideration is the cost reduction that results
b from lowered operation counts and lowered 1/0 operations between fast memory and

backing store.

i The necessity for thes= modificetions and their actual form is largely dictated
h by the size and architecture of the Illiac computer, and the data-base structure
- chosen by the author. These modifications are presented for the basic Navier-Stokes
K operator in Cartesian coordinates; their appiication to the transformed system of
‘4‘ equations is straightforward.

PSEUDODERIVATIVE

We use as dependent variables

2(0,kz,k3) ,  1kyi(k) ky # 0
V(ky,0,k3) 5 ikoW(kK) k, # 0
\;'(kl,kz,O) s “(3\;?(15) » k3 # 0

rather than the usual Fourler coefficients:

ak) , VK, w(k)

In physical space the equivalent information 1is

27
' u(0,kp ky) . —— -51-1; f u(x,y,z)dx etc.
0
tk;n(k) ey 2 u(x,y,z) etc
i - ax ’)l .

The basic variables are then uyx, Vy, and w,. The integrals determine the constants
of integration required to recover u, V, and w by integration. These variables are
rather natural for the Navier-Stokes cquations because their usc leads to

uge + (W) gy + (V) gy + (uw)yg, + o
Ver t (WV)xy (VW)yy * (VW)yz + .+« o

wor + (Uw)gs + (vw)yz + (ww),, + .

{n which the "matrix" of nonlinear terms is symmetric, even when the differentiation
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operations are included: In the usual variables we would have nine different
nonlinear terms rather than the six above.

An additional benefit of these variables is the ease of enforcing the continuity
condition. Thus it is practical to discard w, from the database on backing store
altogether since it can be simply recovered from uy and vy 0f course we must
save #(k;,k2,0), but this is only a two~dimensional array.

MODIFIED PRESSURE

The nonlinear terms are formed (in physical space) when (x,2) planes are in
fast memory. Thus we can form the nonlinear terms:

(UU)XX + (Uw)xz s (UV)X ) (vv) (W)z ’ (uw)xz + (W)zz

The y differentiation must wait for a pass over he database bringing (x-y) planes
into fast memory, and this prevents further summing of terms. Thus we would have to
carry five words per node to calculate the nonlinear terms. This can be reduced to
four words per node by simply introducing the modified pressure p + v2. The
required nonlinear terms are then

(u? - vz)xx + (W), (u)y (vw), , . (W2 = v2),, + (W) y,

Because of Tlliac constraints, an impiementation of five words per node for the
calculation of the convective terms would have been difficult and considerably less
efficient than that for four words per node.

v The disadvantage of the modified pressure is that we have lost the ability to
form output statistics containing pressure, because we only have the modified
pressure and not:-the v’ information necessary to recover physicel pressure from it.
When the pressure is required for output statistics a separate calculation must be
inade. :

FINITE FOURIER TRANSFORMS

The use of fast-Fourier-transform techniques 1in the simulation of isotropic
turbulence was pioneered by Orszag and Patterson (1972). Because we have departed a
little from their treatment, it is worthwhile to cover some of the details of our
implementation.

For purposes of analysis it is advantageous to work with general complex
ttansforms, even though the physical data are real. In practice, of course, the
complex transform is not used as such because it doubles the time and space
requirements. (One can, however, use the complex algorithm on two real fields
simultaneously, or use a half-length complex transform on full-length real data.)
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The only subtle aspect of the use of discrete Fourier transforms is the aliasing
problem. Although it has been discussed by many other authors, it seems appropriate
to give a short exposition of it here.

The one-dimensional discrete Fourier transform of length M is defined as
M-1
s o -2ni(in/if)
Ma, E L aj e ]

with inverse
M=~1
- 2mi(in/M)
ajy = 2 dge 3
n=0

Suppose we have data ay given by

ay = 8 GZni(j/M)k

a wave having integer wave number k. The discrete transform of thene data gives for
M values of n :

Mol }
Ma_ =5 3 o T/ L aes [ - nymod M)
JTh e
so that
iy = 88 [ (k = n)mod M] i

Thus a wave having wave number k in physical space is transformed into the
Fourier coefficient at wave number k mod M 1in wave space. This can also be seen by

noting that the discrete data 1

- Q:ni(j/mk - e:ni(j/M)(k+NM)

aj = it

for any integer N.
Thus the data at M equidistant points of the period in physical space is the

same for any value of N. Wave numbers %+NM are said to be "aliased"” to wave
number K.

The aliasing problem occurs when operations on data (usually occurring in
physical space) with a wave-number span of M produce a wave-number span greater i

than M.

In the Navier-Stokes equations, the nonlinear (bi-linear products) terms act to
fncrease the span of wave-numbers. Consider a product in one dimension,
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M-1
ey = ajbj = ngo an P

M=1 M-1
-5 5 b, L2 (3/M) (ntm)
n=0 m=0

which has the discrete Fourier transform

M-1 M-1 .
& = T L dpbpll(n + m - kymod M)
n=0 m=0

The most common transforms used (and those used 1in the current program) have M
equal to a power of 2, and the wave-numbers spanned without alias are
1-M/2 < k S_M/Z. Products of two such series result in the wave-numbex range
2-M < k <M. This is f1lustrated by the following diagram which illustrates how the
product of waves with positive wave-numbers n and m can produce the aliased wave
at n+m-M rather than at the correct wave number ntm. In a similar way products of
waves both having negative wave-numbers can be aliased to a positive wave-number in

the result.

PRODUCT

LI 4

0
[ S W | ‘ 4t e—i N
1 Q;: v 1 1 \ 1 1
n m
\“

n+m-M =

-
—

ENNNNNNN\

ALIAS

The alias error resulting €rom bi-linear products can be removed by two.

different methods (Patterson and Orszag (1971)).

ALIAS REMOVAL, BY TRUNCATION

We want to form the length M alias-free product of two Fourier series of length
M (1-M/2 £ k S_M/Z). As we have seen the product will result in a Fourier series of
length "4-1." It is then obvious that an alias-free product can be obtained by using
a Fourier transform of length 2M. The process {s carried out as follows: (1) form
the length 2M transfcrms a, b, using the given M data for 1-M/2 < k < M/2 and
zerces for the remaining k; (2) invert the transform to obtain the length 2M
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physical space; (3) form the length 2M product ab ; end (4) return to length 2M
wave space, using a length 2¥ transform. At this point we have the length 2M
alias-free Fourier transform of the product. We now simply discard the modes in the
result outside our length M original data.to. obtain the length M alias-free
product.,

The same result can be achieved using transforms of 1length 3M/2 rather than
2M, with a resulting time and space savings. Because we are going to retain in the
results only those waves 1-M/2 { k { M/2 we pose the following problem: What is the
shortest length (L) transform that will not alias the product into umodes
1-M/2 < k < M/2 ? The limiting product is that between modes both having wave-number
M/2 resulting in wave-number M aliased by the length L transform to wave-number M-L,
which must be outside the span 1-M/2  k < M/2. Thus we have

M-L < 1-M/2 or L > 3M/2-1

Similarly, the 1lowest wave-number 1-M/2 at worst produces wave-number 2-M 1in the
result and is thus aliased to L+2-M which must be greater than M/2. This requires
L > 3M/2-2.

In practice, the length of the Fourier transform (M) is determined by computer
size and the wave-numbers carried are reduced from 1-M/2 < k < M/2 to -M/3 £ k < M/3
in order to achieve alias- free products. (Note that by M/3 we mean the truncated
integer value.) This procedur= is popularly referred to as the 2/3 rule.

ALIAS REMOVAL BY PHASE SHIFTS

We can rewrite the transform of an aliased product as

I n+m=k+M

where the first sum is the alias~free result, and the second sum is the alias error
at wave-number k. Consider the effect of a shifted physical space grid. In wave
space the shift is achieved by multiplying each Fourier mode &, by the phase factor
elnd, If we form the product on the shifted mesh and then shift the result back
to the original mesh we obtain

- =ik - A~ = ~ i
G = e ika 2 i eimbm L Z: i einAbm o ma
n-tm=k n+m=k +M

or

. ~ +1MA ~
Ck 7 Zk anbp + e E dpbp

n+m=k n+m=k+M

47

et et s aadille il 28t e - B e 7 in e o oogip v s e - - .

PP P D R




A R ol i e Lol
b R TR o TR TR e o
AR, S At akaitn et

The alias-free sum is unchanged by the shifts, but the alias error is multiplied
by the phase factor etiMA, This offers several possibilities for eliminating the
error, the first of which is that of evaluating &g on two meshes, one shifted from
the other by exactly half a grid cell. Then A(2) = (1) 4+ n/M, which glves

+iMa (2) +iMa (1)
e = -e

and the alias-free sum {s one half the sum of the two evaluations.

This method allows one to retain all of the Fourier modes associated with a
length M transform, but requires two evaluations.

A second possibility, which does not exactly eliminate the error and does not
require double evaluations, {s the use at each evaluation of the time advance of a
random value of oIMA taken from a uniform distribution around the unit circle.

The current code, as Wwe will see shortly, uses both truncation and shifts in
concert to effectively eliminate alias error at little cost.

MULTIDIMENSTONAI ALIAS ERROR

The multidimensional discrete Fourier transform is simply the product over the
dimensions of onc-dimensional transforms. §imilarly, the aliased wave~-number in a
given direction depends only on the wave-numbers in that direction of the modes being
multiplied. Thus a product of two modes in three-dimensional space has eight
possible outcomes as far as aliasing is concerned. That is, the result may be
aliased or not in each of the three directions independently.

when independent shifts are applied to each direction, we have
91138101 + 0102038114

= Sp. + 915100 t 22810t 05001 01928110 + P2t s8S011 ¥

where




R et e e e e R LU = - o v - ] <. 2ot .

Soo0 = 2, A()B(m)

mrn=k ‘
Si00 = :E: 5(5)5(9) ) €] 1s a unit vector in the x direction
mn=k+Me) etc. for Spy0, Sgq)
Si10 = é(g)S(@) » €2 1s a unit vector in the y direction
T_ﬂ‘l;Fle‘Mlsl'*‘Mzgg etce. for €911 S101

S111 = :E: a(n)b(m)
o~ k+M

The alias-free result is S0003 S100s So10» and Sgg; are sums aliased in the 1,
2, and 3 directions, as indicated by the subscripts; Si110s Spi1s and S1g9; are aliased
in two directions, and S;;; 1s aliased in all three directions.

We use a combination of truncation and phase shifting similar to that of
Patterson and Orszag to eliminate all of the alias errors. Recall that truncation by
the 2/3 rule consists of zeroing wave-numbers ki with |ki|> M/3 prior to inversion of

the transform, and their discard upon return to wave space following formation of the
bi-linear product.

In three dimensions, truncation of wave vectors having any component greater
than M/3 results in the elimination of all the alias-error sums S for the remaining
wave vecturs. If only those wave vectors having two or more components greater than
M/3 are truncated, only the double and triple aliases are eliminated. If only those
vectors having all three components greater than M/3 are truncated, only the triple
alias sums are eliminated. We have followed Patterson and Orszag and eliasinated the
double and triple aliases by truncating wave vectors having two or more components
greater than M/3 (Patterson and Orszag truncate modes with k2 > 2(M/3)2, 2 more
severe truncation). We are then left with only the single aliases:

¢k = Sooo *+ 81S:00 *+ 825010 + 938003
These can be eliminated by summing evaluations from shifted grids as outlined

49

. . ot e es . P R _ a
. - PR g e - et i et L P




IRl & A o B R T n S acho P T TR N TG R TIPL LY Jpperoppy

previously. If the gxact elimination of the single-alias error is not required, we
can avoid the extra evaluation and perform the phase shifting as the time-advance
proceeds. Thus the alias error from one step will be nearly canceiled at the next
step. In the Runge~Kutta methods used in the current algorithm, the residual alias
error is of the order of the square of the time-step (h). Each cancelling pair of
,1 evaluatious is made at the same time level of the advance, and the shifts in the
a three directions are uncorrelated with one another, that is

1) = ~a(2) =
e§) e§)9?i

where Ri are three random complex numbers chosen at each time-~level from a
uniform distribution around the unit circle. The alias errors act as a random
. forcing function of small amplitude (which is formally O(h2?), but also depends on the
- energy spactrum).

distorted from their initial form. When the mean flow is an irrotational strain, the
coordinates remair orthogonal, but the mesh aspect ratio grows indefinitely. Because
they are influenced by the nonlinear terms in the Navier-Stokes equations, the length
scales of the turbulence field are not simply stretched and rotated by the mean
field. As the mesh becomes distorted, the range of scales of the turbulence in some
direction may not be contained within the resolved range of scales in that direction
even though 1i: was at earlier times. We have not yet studied the general re-mesh
probiem, and the-  current code re-meshes only the shear flows. The process is )
illustrated by the following diagrem for the case By = Fy=83=1. The extension to
general 3 is straightforward.

RE-MESHING THE FIELD
The computational coordinates move with the mean flow and can become greatly

b2 7 — st=0,1,2
) //

q'..'
o®
.
A 8

// 1 35
A o. st ~—,—,—, ***
/ —_— 2" 2" 2
2= / / (BEFORE RE-MFESH)
0.. / oﬁ{
Y/ "/ T~ AFTER RE-MESH |
/1 /1,

The calculation begins at st = 0 on a Cartesian mesh, shown above as the solid
vertical line. At time sit-1/2 the mesh has hecome skewed to the right as shown by
the dashed line. The field is then 1interpolated onto the mesh skewed to the left
(the dotted line), and the time-advance proceeds. At time st = 1, the mesh is agair
orthogonal, and at st-3/2 the remesh process i{s carried out again.
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The re-mesh process in physical space appears simple, but in fact it results in
alias errors unless those errors are explicitly eliminated. Denoting the coordinates
btefore and after re-mesh by superscripts (1) and (2), we define the re-mesh process

t as
’ 5(2)[§'(2)(§)] = (D [x* (1) ()]
; where :
)-(‘(2) (?_() = §‘<1)(§) + xé e
e is the x unit vector
so that -

u(2) [x- (2] = ulD(x(2) - x5 e))

, To carry.out the re-mesh in physical space we would simply shift the data in x-2z
planes right (end-around due to the periodicity of u) by the amount y. The first
plane is not shifted; the second plane is shifted by one node, etc. The (M+1)
plane, which is implicitly equal to the first plane by periodicity in y and not
actually present, would be shifted by M nodes (one full period) and remain equal to
the first y plane. In terms of Fourier modes the re-mesh operation is

ﬁ(z)Ik(z)]eik(z)'§‘(2) . a(l)[k(l)]eiﬁ(l)'(5'(2)'x§§1)

ke

- 9(1)[5(1)]ei(E(l)'kgl)Ez)‘E'(z)

Thus a wave with wave-number (k;,k;,k3) on the old mesh has wave-pumber
(k;,kpt+k;,k3) on the new mesh and is aliased 1f ko+k; > M/2.

S T T R R T

The alias errvors-during re-mesh are eliminated by inverting the length M wave )
Y space data U to a length 2M physical space in the y direction, leaving the x and z {

directions in an M length wave space. The data are then shifted in x, wusing the |
apuropriate phase factor, and the shifted result is returned to wave space in y using i
2 1length transforms. The data for wave-numbers k,?> M/2 are then discarded and the P
re-mesh is complete. Because we have discarded modes, we lose both energy and ’
dissipation (both being positive~definita), the loss of dissipation being by far the ‘
larger because we lose primarily high=-vwave-number information. {

THE TNITIAL CONDITIONS

The Fourier transform of the velocity field is initialized to an isotropic
state, satisfying continuity, and having a given energy spectrum.

The continuity condition is satisfied by taking
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g = djeq = a(k)ei + B(k)e]

where ey 1s the computation vector basis and e{ is any vector basis having e3
parallel to k. The complex components a and £ in general are random in amplitude and
phase, subject only to the constraint that

f((_j-g*) dA(k) = E(k) =f< ac® + 88%) dac)

where E(k) is the desired energy spectrum and the brackets < > denote the expected
value. We have not 1implemented this pgereral form because we feared that the
deviation of the energy spectrum from 1its expected velue could be large at low
wave-numbers where the sample of modes in A(k) is small.

The form implemented is

- 162
EGIN/E d0) E(k)\}/2 "2 sin ¢
a = (aﬁ) e cos ¢ , R = ‘H'Tkz

where 8,, 6,, and ¢ are uniformly distributed random numbers on the interval (0,27).
This form results from the stronger constraint. on (a,f)

E(k) = (aa™ + e.s*)fdA(k)

where the energy of each mode separately is required to have exactly the expected
value. The modes are still random with respect to spatial phase (8;,82) and velocity

component distribution (¢).

To complete the formulation we need only to relate the basis ef to the
computational basis e;. Any basis subject to the constraint

ke kl&l + k222 + k3€3 = k

-

will do, since rotations about e3 can be absorbed into the random phase ¢. We
choose arbitrarily a basi< having

which leads to a solution for gi:

1/2

>

(k1° + k.9)

1
s
il

krey - ke

2
—
S~
o
.

k(e 2 + ky9) 2= kikgep + kpkyep - (k2 + kp?)es

1
a

n
il

Thus we find
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akky + Bkikg Bkoks ~ akk, B(k 2 + k22)1/2
1/2 ex +

] =t]
L}

p €3
k(k12 + kp2) k(k,? + k22)1/2 k

The initializetion process above does not produce the higher velocity moments
(e.g., skewness) characteristic of real turbulence. To 1relax the flow to a more
realistic state we usually allowed it to decay isotropically until the energy cascade
was developed and the spectra became fairly smooth. The resulting isotropic fields
5‘ were stored to be used as the starting conditions for various anisotropic runs. This
J

procedure was used for all of the irrotational-strain runs in which the experiments
presumably also had fairly well-developed and nearly isotropic turbulence prior to
passage through the straining section of the tunnel. For the shear cases, in which
we were primarily interested in the later stages of development having growing
) energy, we simply ran from a square-pulse spectrunm.

—
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